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FRANCISCO URBANO 

Abstract. We show that the Clifford torus and the totally geodesic real pro- 
jective plane RP-^ in the complex projective plane CP^ are the unique Hamil- 
tonian stable minimal Lagrangian compact surfaces of CP^ v^ith genus g < 4, 
when the surface is orientable, and with Euler characteristic X ^ ~fi when the 
surface is nonorientable. Also we characterize RP'^ in CP'^ as the least possible 
index minimal Lagrangian compact nonorientable surface of CP^ . 



1. Introduction 

The second variation operator of minimal submanifolds of Riemannian manifolds 
(the Jacobi operator) carries the information about the stability properties of the 
submanifold when it is thought as a critical point for the volume functional. When 
the ambient Riemannian manifold is the complex projective space CP", Lawson and 
Simons [LS] characterized the complex submanifolds as the unique stable minimal 
submanifolds of CP". In particular, minimal Lagrangian submanifolds of CP" are 
unstable. In [01] Oh introduced the notion of Hamiltonian stability for minimal 
Lagrangian submanifolds of CP" (or more generally of any Kahler manifold), as 
those ones such that the second variation of volume is nonnegative for Hamiltonian 
deformations of CP". He proved that the Clifford torus in CP" is Hamiltonian stable 
and conjectured that it is also volume minimizing under Hamiltonian deformations 
of CP". B. Kleiner had proved that the totally geodesic Lagrangian real projective 
space RP" in CP" is volume minimizing under Hamiltonian deformations. 

In [U] Urbano (see also [H] Theorem B) characterized the Clifford torus as the 
unique Hamiltonian stable minimal Lagrangian torus in CP^ and got a lower bound 
for the index (the number of negative eigenvalues of the Jacobi operator) of the 
minimal Lagrangian compact orientable surfaces in CP^ , proving that the index is 
at least 2 and it is 2 only for the Clifford torus. In this paper the author continues 
studying these problems, proving, among others, the following results: 

The Clifford torus is the unique Hamiltonian stable minimal La- 
grangian compact orientable surface of CP^ with genus g < 4. 

The totally geodesic real projective plane RP^ is the unique Hamil- 
tonian stable minimal Lagrangian compact nonorientable surface of 
CP^ with Euler characteristic X ^ ~1- 



Date: January 11, 2005. 

1991 Mathematics Subject Classification. Primary 53A10; Secondary 49Q20. 

Key words and phrases. Hamiltonian stable, minimal Lagrangian, index. 

The author was supported in part by a MEC-Feder grant No. MTM2004-00109. 



2 



FRANCISCO URBANO 



The index of a minimal Lagrangian compact nonorientable surface 
of CP^ is at least 3 and it is 3 only for the totally geodesic real 

projective plane MP^ . 

To prove these results we need to have a control of the index of the minimal La- 
grangian Klein bottles of CP^ which admit a one-parameter group of isometrics. 
Following the ideas of [CU], in section 5 we describe explicitly those minimal sur- 
faces and estimate their index. 

The author would like to thank A. Ros for his valuable comments about the 
paper. 

2. Preliminaries 

Let CP^ be the complex projective plane with its canonical Fubini-Study metric 
(,) of constant holomorphic sectional curvature 4. Then 

C¥^ = {U{z) = [z]/zeS^}, 

where n : S''' ^ CP^ is the Hopf projection, being §^ the unit sphere in the complex 
Euclidean space C^. The complex structure J of induces via n the canonical 
complex structure J on CP^ (we will denote both by J). The Kahler two form in 
CP2 is defined by lu{., .) = (J., .). 

An immersion 3> : S ^ CP^ of a surface E is called Lagrangian if ^*u> = 0. This 
means that the complex structure J defines a bundle isomorphism from the tangent 
bundle to E onto the normal bundle to $, allowing us to identify the sections on 
the normal bundle r(T-'-S) with the 1-forms on S by 

(2.1) r(r-LE) = rji(s) 

^ = a 

being a the 1-form on E defined by a{v) = a;(f,^) for any v tangent to E, and 
where O^'(E), p = 0, 1, 2, denotes the space of p- forms on E. 

From now on our Lagrangian surface will be minimal and compact. Among 
them, we would like to bring out the Clifford torus 

T = {[z]eCp2||z,|2 = l z=l,2,3}, 

and the totally geodesic Lagrangian real projective plane 

Rp2 = {[z] e CP2 \zi = z„i = 1, 2, 3}, 

whose 2 : 1 oriented covering provides the totally geodesic Lagrangian immersion 
— > CP^ of the unit sphere. An important property of these surfaces (see for 

instance [EGT]), which will be use in the paper , is that RP^ C CP^ is the unique 

minimal Lagrangian projective plane immersed in CP^ and hence §^ CP^ is the 

unique minimal Lagrangian sphere immersed in CP^. 

Using the identification (2.1), if L : T{T^'E) r(r-LE) denotes the Jacobi 

operator of the second variation of the area, Oh proved (in [01]) that L is given by 

L : f]i(E) ^ n\E) 
L = A + 6I, 

where / is the identity map and, in general, A = Sd + d6 is the Laplacian on E 
acting on f)-forms, p = 0,1,2, being S the codifferential operator of the exterior 
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differential d. Hence, the index of^, that we will denote by Ind{T.), is the number 
of eigenvalues (counted with multiplicity) of A : ft^(Tt) fl^{T,) less than 6. 
To study the Jacobi operator, we consider the Hodge decomposition 

which allows to write, in a unique way, any 1-form a as a = ao + df + 6(3, being ao 
a harmonic 1-form, / a real function and (3 a 2-form on S. The space of harmonic 
1-forms, is the kernel of A and its dimension is the first Betti number of S: 

As A commutes with d and 5, the positive eigenvalues of A : Jl^(E) f2^(E) 
are the positive eigenvalues of A : n°(S) — > f2°(S) joint to the positive eigenvalues 
of A : 0^(5]) ^ Hence 

(2.2) Ind (S) = /3i(S) + Indo(S) + Indi(S), 

where Indo{Ti) is the number of positive eigenvalues (counted with multiplicity) of 
A : r2°(5]) r2°(S) less than 6 and /n(ii(S) is the number of positive eigenvalues 
(counted with multiplicity) of A : ^^(S) ^^(S) less than 6. When E is MP^ C 
CP2, Indo(S) = 0, Indi(S) 3 and hence Ind(E) = 3. 

If the compact surface E is orientable, the star operator -k : f2°(S) f2^(E) says 
us that the eigenvalues of A acting on f2°(E) or on 0^(E) are the same, and so 
Indo(E) = Indi(E). Hence if E is a minimal Lagrangian compact orientable surface 
of CP^ of genus g, then 

(2.3) Ind(E) = 2.9 + 2Indo(E). 

When E is the totally geodesic Lagrangian two-sphere in CP^, Indo(E) = 3 and 
Ind(E) = 6. 

The variational vector fields of the Hamiltonian deformations of the Lagrangian 
surface E are the normal components of the Hamiltonian vector fields on CP^. If 
X = JVF, for certain smooth function F : CP^ — > M, is a Hamiltonian vector 
field on CP^, the 1-form associated to the normal component of X, imdcr the 
identification (2.1), is d{F o $). So our minimal Lagrangian compact surface E is 
Hamiltonian stable if the first positive eigenvalue of A acting on ri°(E) is at least 6. 
But it is well-known that 6 is always an eigenvalue of A : 17° (E) 17° (E) (see proof 
of Theorem 3.3). Hence E is Hamiltonian stable if the first positive eigenvalue of A 
acting on 0°(E) is 6. In this setting it is natural to call to Indo(E) the Hamiltonian 
index of E. 

Let E be a nonorientable Riemannian compact surface and tt ; E ^ E the 2 : 1 
orientable Riemannian covering. If r : S — > E is the change of sheet involution, 
then the spaces of forms on E can be decompose in the following way: 

0*(S) =J7Y(S)®0!_(S), i = 0,l,2, 

where 

f7!t(E) = {ae 17*(E)/T*a = ±a}. 

Also the space of harmonic 1-forms on E decomposes into two subspaces H(E) = 
n+{t) © W-(S), where again n±{t) = {a € n{t)/T*a = ±a}. In this way we 
obtain 

f7^(S) =7i±(E)®df7^(S)®(5f7|(E). 

As TTOT = TT, the map a € 17*(E) i-^ 7r*a e 17*(E) allows to identify H(E) = H+(E) 
and 0'(E) = f2!,_(S), i = 0,1, 2. Also, as E is nonorientable, ★r* = — r**, and so ★ 
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identifies ri^(S) = ri^(S). Hence we obtain the identification 

a = f 

where ■K*a = fuio, being wq the volume 2- form on E. 

Now, let $ : S ^ CP^ be a minimal Lagrangian immersion of a compact nonori- 
entable surface S and <i> o tt : S ^ CP'^ the corresponding minimal Lagrangian 
immersion of its 2:1 orientable covering S. As S is nonorientable, the eigenval- 
ues of A : 17^(1]) — > 0^(E) are positives, and hence, taking into accoimt the 
above remarks, Indi{Tt) is the number of eigenvalues (counted with multiplicity) 
of A : f2°(S) — > f2'?_(S) less than 6. Also, as /ndo(S) is the number of positive 
eigenvalues (counted with multiplicity) of A : ^+(^) less than 6, we 

obtain that 

(2.4) Indo(S) + Indi(S) = Indo(S), 

and hence from (2.3) 

2Ind(S) = Ind(S). 

3. Proof of the results 

Theorem 3.1. Let $ : S ^ CP^ be a Hamiltonian stable minimal Lagrangian 
immersion of a compact orientable surface of genus g. If g < A then $ is an 
embedding and <i>(S) is the Clifford torus. 

Proof: As E is Hamiltonian stable, the first positive eigenvalue of A : f2°(S) 
f2'^(S) is 6. Now we use a well-known argument. From the Brill-Noether theory, we 

can get a nonconstant meromorphic map </) : E ^ §^ of degree d < 1 + [^], where 
[.] stands for integer part. Then there exists a Moebius transformation : ^ §^ 
such that o ^) = 0, and so 

I |V(Fo,/))|2 > 6 f |i^o</)|2 = 6Area(I]). 

But |V(F o 0)|2 = 87rdegree(F o (f) = Stt degree(?!>) < 87r(l + [^]). Hence we 
obtain that 3Area(S) < 47r(l + [^]). 

On the other hand, Montiel and Urbano ([MU] Corollary 6) proved that Area(S) > 

27r/i [ji being the maximum multiplicity of the immersion $) and that the equality 
holds if and only if the surface is the totally geodesic two-sphere. So we obtain that 

3/z<2(l+[^]), 

and the equality implies that the surface is the totally geodesic Lagrangian two- 
sphere. 

Using [EGT], Lemma 4.6, we know that $ is not an embedding (i.e. n > 2) when 
g > 2. So in this case 2 < [^^], which is a contradiction when 5 = 2, 3, 4. If g — 0, 
our surface is the totally geodesic Lagrangian two-sphere, which is Hamiltonian 
unstable. Hence the surface must be a torus and using [U], Corollary 2, we conclude 
that it is the Clifford torus. q.c.d. 

Remark 3.2. If Ai is the first positive eigenvalue of A : f7"(S) J1"(S) and g > 2 
then the above reasoning proves that Ai < 2(1 + [S±i]). Hence if g — 2 we obtain 
that Ai < 4. 
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Theorem 3.3. Let $ : S ^ CP^ he a minimal Lagrangian immersion of a compact 
nonorientable surface S with Euler characteristic x(^) > — 1- Then 

(1) IfE is a projective plane with a handle (x{^) = — then E is Hamiltonian 
unstable. 

(2) If T, is a Klein bottle fx(^) = 0) then IndoCS) > 2. In particular S is 
Hamiltonian unstable. 

As consequence, if $ is Hamiltonian stable then $ is an embbeding and is 

Proof: We will denote also by (,) the Euclidean metric in C^. In the Lie 
algebra so(6) of the isometry group of wc consider the subspace so+(6) = 
{A e so(6)/AJ = J A and Traced J = 0}, which is the real representation 
of the Lie algebra su(3). Then for any A e so+(6), the function on the sphere 
p e I— > {Ap, Jp) e M can be projected to CP^, defining a map 

Fa : CP^ R 
FA{n{p))^{Ap,Jp) 

First we compute the gradient of Fa- v is any vector tangent to CP^ at n(p), 
then 

vFa = 2{Av*,Jp), 
being v* the horizontal lifting of v to TpS^ . So 

(Vi^A)n(p) = -2{dIi)p{AJp + FA{p)p), 

for any n(p) € CP^. Taking derivatives again and using that 11 : ^ CP^ is a 
Riemannian submersion, one has that the Hessian of Fa is given by 

(3.1) {V^Fa){v,w) = -2Fa{v,w)+2{Av*,Jw*), 

for any vectors v,w G Tn(p)CP^. 

Now, if $ : E ^ CP^ is a minimal Lagrangian immersion of a compact surface 
E and : E ^ M is defined hy f a = Fa o then by decomposition 

WFa = V/a + C 

in its tangential and normal components and taking into account (3.1) we deduce 

(VV^)(u, 0,0 = -2fA{v,w) + 2{Av*,Jw*) + {aiv,w),0, 
which implies that A/^ + 6/^ = 0. So we have defined a linear map 
H:so+{6) ^ Ve = {f/Af + 6f = 0} 

A ^ fA, 

and hence the multiplicity of the eigenvalue 6 satisfies to(6) > 8 — dimKcriJ. If 
A G KeiH, then = and so V/a = 0, which imphes that VFa = ^. Using (3.1), 
the tangent vector field satisfies 

{VyJ^,v) =2{Av*,v*) =0, 

which means that is a Killing field on E. If = 0, then VFa vanishes identically 
on the points of the surface, which implies, looking at the expression of VFa, that 
A = 0. Hence dimKeriJ < dim {Killing fields onE}. Finally we get that 

(3.2) m(6) > 8 - dim {Killing fields on E}. 
In that follows we will use the following Nadirashvili's result 
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Theorem A [N] Let Y, be a compact nonorientahle surface with Euler character- 
istic x(^) ^ and (,) any Riemannian m,etric on S. Then the multiplicity of the 
i-th eigenvalue of the Laplacian A : QP{Yi) satisfies m{\i) < 3+2i— 2x(S). 

First suppose that E is a Hamiltonian stable projective plane with a handle, 
i.e. x(S) = -1. Then the first positive eigenvalue of A : 0°(E) is 6. 

But Theorem A says that m(6) = m(Ai) < 7. So (3.2) implies that there exists a 
non-trivial Killing vector field in our surface, which is impossible. This proves part 
1. 

Suppose now that E is a Hamiltonian stable Klein bottle, i.e. x(E) = 0. Again 
the first positive eigenvalue of E is Ai =6 and Theorem A says that m(6) = 
^(Ai) < 5. Prom (3.2), dim {Killing fields onE} > 3, which is impossible. 

Suppose now that E is a Klein bottle with Indo(E) = 1. Then Ai < 6, the multi- 
plicity of Ai is m(Ai) = 1 and A2 = 6. Using again Theorem A, m{6) = m{X2) < 7. 
Prom (3.2), our Klein bottle admits a nontrivial Killing field. Proposition 5.1 (see 
section 5) says that E is congruent to some finite Riemannian covering of Kn,m for 
certain integers n,m. Then, from Proposition 5.2, we have that 

Indo(E) > Indo(if„,„) > 6, 

which is a contradiction. This proves part 2. 

Pinally, if E is Hamiltonian stable, then E is a projective plane, i.e. x(^) = 1) 
and hence our surface is RP^. This finishes the proof. q.e.d. 

Theorem 3.4. Let <I> : E ^ CP^ be a minimal Lagrangian immersion of a Klein 

bottle or a projective plane with a handle. Then /nrfi(E) > 1. 

Proof: Let tt : E — » E be the 2 : 1 orientable Riemannian covering of E and 
r : E — > E the change of sheet involution. If Indi(E) = then, taking into account 
the last remarks of section 2, the first eigenvalue Ai of A : (E) — > f2'?_(S) satisfies 
Ai > 6. Hence 

/ |V/|2 > 6 / /2, V/ e C°°(E) such that / o r = -/. 

Prom Theorem 1 in [RS], we can get a nonconstant meromorphic map : S — > 
satisfying o r = — of degree d < 1 + g, where g is the genus of the compact 
orientable surface E. Hence we obtain 

/ |V</>|2 > 6 / =6Area(E). 

But /g, |V(/)p = Stt dcgrcc((/)) < 87r(l + g). So we get that 3Area(E) < 47r(l + g). 
Now, as Area(E) = 2Area(E), using again Corollary 6 in [MU] as in the proof of 
Theorem 3.1, we have that 3/i < 1 -|- g (/u being the maximum multiplicity of $) 
and the equality implies that E is RP^. 

As our surface is either a Klein bottle or a projective plane with a handle, we 
have that g = 1 or 2 and that the equality (in the above inequality) is not attained, 
i.e. 3/i < 1 -|- 5. This is a contradiction and the proof is finished. q.e.d. 

Remark 3.5. In this nonorientable case, we cannot use that the maximum multi- 
plicity /U of $ satisfies /x > 2 when the Euler characteristic x(^) ^ 0- The author 
only knows that $ is not an embedding when S is a Klein bottle, i.e. x(^) = 0- 
(See [M], Theorem 2). 
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Corollary 3.6. Let $ : S ^ CP^ be minimal Lagrangian im,m,ersion of a compact 
nonorientable surface S. Then IndiTi) > 3 and the equality holds if and only if ^ 
is an embedding and ^(S) is RP^. 

Proof: If E is a projective plane, then as we mentioned in section 2, $ is an 
embedding and is KP^, whose index is 3. 

If E is a compact nonorientable surface with Euler characteristic x(^) ^ 0) then 
/3i(S) = 1 - x(S). So, from (2.2) Ind(S) > /3i(E) > 4 when x(S) < -3. If S is 
either a Klein bottle or a projective plane with a handle (i.e. x(E) = or — 1), 
Theorems 3.3 and 3.4 joint with (2.2) say again that Ind(S) > 4. Finally, if S is 
a projective plane with 2 handles, i.e. xC^) = ^2, and S is its 2 : 1 orientable 
covering, then the genus of E is 3, and Theorem 3.1 joint with (2.4) say that 

Ind(E) = 3 + Indo(S) + Indi(S) = 3 + Indo(S) > 4. 

This finishes the proof. q.e.d. 

4. Area minimizing surfaces in their Hamiltonian isotopy classes. 

A Lagrangian immersion $ : E ^ CP^ is called Hamiltonian minimal [02] if 
it is a critical point of the area functional for Hamiltonian deformations. The 
corresponding Euler-Lagrange equation says that S is Hamiltonian minimal if and 
only if div JH = 0, where H is the mean curvature vector of S and div stands for 
the divergence operator on S. 

Suppose now that $ : S — > CP^ is a minimal Lagrangian immersion of a compact 
surface S and that in its Hamiltonian isotopy class there exists a minimizcr E for 
the area. Then, in particular, S is a Hamiltonian minimal Lagrangian surface, and 
so divJH = 0, being H the mean curvature vector of E. But, using Theorem 
I in [03], the deRham cohomology class defined by the mean curvature vector 
a{v) = w{v,H) is invariant under Hamiltonian isotopies. As S is minimal, this 
class must vanish, and hence there exists a smooth function / : S ^ M such that 
V/ = JH. Now, div JH = implies that / is a harmonic function and so it is 
constant, which means that S is also minimal. Moreover, as S is also Hamiltonian 
stable, our previous results say that: 

The Clifford torus of CP^ is the unique area minimizing surface in 
its Hamiltonian isotopy class, provided that someone existed. 

There exists no area minimizing surfaces in the Hamiltonian iso- 
topy class of a minimal Lagrangian compact orientable surface of 
CP2 of genus 2,3 or 4. 

There exists no area minimizing surfaces in the Hamiltonian iso- 
topy class of a minimal Lagrangian Klein bottle or a minimal La- 
grangian projective plane with a handle of CP^ . 

5. Minimal Lagrangian Klein bottles of CP^ admitting a 

ONE- parameter GROUP OF ISOMETRIES. 

In this section we are going to describe the minimal Lagrangian Klein bottles of 

CP^ admitting a one-parameter group of isometrics, estimating also their Hamil- 
tonian index. To understand it, we need to give a short introduction to the elliptic 
Jacobi functions. We will follow the notation and the results of [CUj. 
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Given p e [0,1[, lot dn(a;,p) = dn(x), cn(a;,p) — cn.{x) and sn(a;,p) = sn(a;) 
be the elementary Jacobi elliptic functions with modulus p. Then, the following 
properties are well known: 

(5.1) sn^{x) +cn^{x) = 1, d.n^{x)+p^sn^{x) = 1, Vx € R 
and 

-^dn{x) = —p^sn{x)cn{x), 

(5.2) -^cn(a;) = — sn(a;)dn(a;), 

ax 

-^sn{x) = cn(a;)dn(a;). 
ax 



Also, if 



K{p) 



L 



de 

Vl - sin^ e 



is the com,plete elliptic integral of the first kind, then the elliptic functions have the 
following symmetry and periodicity properties: 

An{x + 2K) = dn(a;), dn{K - x) = <ln{K + x) , 

(5.3) c-a{x + 2K) = -cn(a;), cn{K - x) = -cn{K + x), 
sn{x + 2K) = — sn(a;), sn{K — x) = sn{K + x). 

In particular all of them are periodic of period -iK and dn, cn are even, i.e. dn{—x) = 
dn(a;), cn(— a;) = cn(a;), meanwhile sn is odd, i.e. sn(— x) = — sn(a;). Moreover dn 
is a positive function, cn(x) vanishes for x = (2k + \)K, A: € Z and sn(x) vanishes 
for X = 2kK, k e Z. 

Although in [CU] the authors classified the (non-totally geodesic) minimal La- 
grangian immersions in CP^ of simply-connected surfaces invariants by a one- 
parameter group of isometrics of CP^, in fact they only used that condition in 
order to have a non-trivial Killing field on the surface. So, really, they classified the 
minimal Lagrangian immersions in CP^ of simply-connected surfaces admitting a 
Killing field. 

Let $ : {M.'^,g) CP^ be a minimal Lagrangian isometric immersion such that 
(R2,(7) admits a Killing field. Then (see [CU]) the metric g can be written as 
g = e2"^^^(rfa;2 -|- dy"^), where u is a solution of the following problem 

(5.4) u"{x) + e^"^^) - e-*"(^) = 0, e^"^^) =b€[l, oo[, u'{0) = 0. 
We will denote the metric by gb- The solutions of (5.4) are given by 

(5.5) e2"(^) = 6(1 - q'^sn'^{rx,p)), 
where 

2 , 1 + VI + 853 1 - Vl + 863 ^^2 

" 46^ =^ 4P 

Hence the solutions u{x) of (5.4) are periodic functions with period 2K/r and satisfy 
u{—x) = u{x),yx G M. The only constant solution of (5.4) corresponds to 6 = 1 
and the associated minimal Lagrangian immersion is the universal covering of the 
Clifford torus. 

On the other hand, in [CU], Theorem 4.1, the minimal Lagrangian immersions 
of (R2,56) into CP2 were explicitly given. Using a reasoning like in [CU], Theorem 
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4.2, it is not difficult to prove that the minimal Lagrangian immersion {M.^,gb) —^ 
CP^ corresponding to the initial condition b is the universal covering of a minimal 
Lagrangian Klein bottle in CP^ if and only if the number ^^'^j^j"^^^ -, which belongs 
to the interval ]0, 1], satisfies the two following conditions: 

(1) ^^^^jyt^^'^ is a rational number, and 

(2) if = f with m,n e Z, and (m,n) = 1, then n is odd and 

TO + 2n = 6. 

We note that < m < n and that (2n + m) /3 is an even integer, and (n + 2to) / 3 
and (n — m)/3 are odd integers. Moreover, in such case, the corresponding group 
Gn,m of transformations of is generated by 

{x,y) 1-^ {x + AK/r,y), {x,y) {-x,y + \/2m67r/3) 

and the corresponding minimal Lagrangian immersion is given by 

^n,m ■■ ^2 ^ CP2 

( i(n + m)y -iny -iy \ ' 

Adn(ra;)e ,/xcn(ra;)ev^'"!',z/sn(ra;)ev^M 



where 



^2 n 2"' + ™ 2 n + m 2 + 2to) 

2n + m' ^ 2n + m' n + 2m ' ^ 26^m^ ' 



and where the modulus of the elliptic Jacobi functions is given by = (n^ — 
m^)/n{n + 2m). 

If Kn^m = ^ /Gn,m is the associated Klein bottle and P : ^ Kn,m the 
projection, then the induced immersion 

$ ■ K CP^ 

P{x,y) ^ '^n.vaix.y) 

defines a minimal Lagrangian immersion of the Klein bottle Kn,m in CP^. 
We can summarize the above reasoning in the following result. 

Proposition 5.1. Let $ : E ^ CP^ he a minimal Lagrangian immersion of a Klein 
bottle S admitting a one-parameter group of isometries. Then $ is congruent to 
some finite Riemannian covering of $„.m '■ K„^rn CP^ with n and to integers 
such that < TO < n, (to, n) = 1, n is odd and 2n + to = 6, where 6 stands for the 
positive integer multiples of 6. 

Now we use a similar method to use by Haskins in [H], Theorem E, in order to 
estimate the Hamiltonian index of the Klein bottles Kn,m- Following the proof of 
Theorem 3.3, the eigenspace of A : ^^{Kn,m) ^°{Kn,m) corresponding to the 
eigenvalue 6 has at least dimension 7, and the functions {gi : Kn^m — > K, 1 < i < 7} 
defined by 

5i(P(x,y)) =e2«(-)-(l + 263)/362, 

<?2(P(x, y)) = (dn ■ cn)(rx) cos(2^2/); g3{P{x, y)) = (dn ■ cn)(rx) sin(2^y), 

g4P{x,y)) = (dn.sn)(ra;)cos(2±^y); g5iP{x,y)) = {dn ■ sn){rx)sm{^y), 

96{P{x, y)) = (cn • sn)(ra;) cos(:^y); g7{P{x, y)) = (cn • sn)(ra;) sin(-2^t/), 

are a basis of such 7-dimcnsional subspace. 

Now suppose that 6 = A^- for some positive integer j. Then the Courant nodal 
Theorem (see [Ch]) says that the number of nodal sets rij of the eigenfunction gt, 
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1 < i < 7, satisfies Ui < j + 1 . So to estimate j we are going to compute the number 
of nodal sots of g;, 1 < i < 7. To do that we will determine the set of zeroes of 
fi = 9i°P'-D-^R, 1 < z < 7 on the fundamental domain 

D = {{x,y) eR'^\0< X < AK/r, 0<y< V2mbn/3} 

of the Klein bottle ifn,m- 

It is clear that there exists a e]0, K/r[ such that 

/-i(0) = {(x,y) e D\x = a, — - a, — +a, — - a; 1 <y < V2mbTr/3}. 

r r r 

Hence the number of nodal sets of gi is rii = 3. 

The zeroes of the function (dncn)(ra;) in the interval [0, 4:K/r] are K/r and 3K/r. 

So 

f-\0) = {(x,y) € D\x = K/r, 3K/r; 0<y< V2mb7T/3} U 

{{x, y)eD\0<x< AK/r; y = ^^'^^ k, k = 0,1, . . . ,{2n + m)/3}. 

2n + m 

Hence the number of nodal sets of g2 is n2 = 2{2n + to)/3. A similar reasoning 
proves that the numbers of nodal sets of the function is ria = 2(2n + 3)/3. 

In a similar way, the zeroes of the function (dnsn)(ra;) in the interval [0,4iir/r] 
are 0, 2K/r and AK/r. So 

/-i(0) = {{x, y)eD\x = 0, 2K/r, AK/r; 0<y< \/2m67r/3} U 
{{x,y)eD\0<x<AK/r;y=^^^^k,k = 0,l,...,{n + 2m)/3}. 

Hence the number of nodal sets of g^ (and of 55) is rii — = 2{n + 2m) /3. 

Finally, the zeroes of the function (cnsn)(ra;) in the interval [0, AK/r] are 0, K/r, 
2K/r, 3K/r and AK/r. So 

/g-i(O) = {{x, y)€D\x = 0, K/r, 2K/r, 3K/r, AK/r; 0<y< V2mbn/3} U 

{(x,y) e D\0 < X < AK/r;y = ^^^^ k, k = 0,1, . . . ,{n - m)/3}. 

n — m 

Hence the number of nodal sets of (and of (77) is ng = = 4(n — m)/3. 

Hence, as 2n + m > n + 2m and 2n + m > 2(n — m) we have obtained that if 
6 = Xj then 

j + l> 2(2n + m)/3> 8. 
Using that fact joint with Theorem 3.4 and (2.2) we finally obtain the following 
result. 

Proposition 5.2. Let ^n,m '■ Kn,m — * CP^ be the minimal Lagrangian immersion 
of the Klein bottle Kn,m with n, m integers satisfying < m < n, {n,m) = 1, n odd 
and 2n + m = 6. Then 

Ind,iK^,r.)>'-^^^-2>6, IndiK^,^)>'-^2^>8. 

To finalize, we are going to study other interesting properties of the Klein bottles 
family {Kn,m}- 

Proposition 5.3. Let ^n,m '■ Kn.m ^ CP^ be the minimal Lagrangian immersion 
of the Klein bottle Kn,m with n, m integers satisfying < m < n, (n, m) = 1, n odd 
and 2n + m = 6. Then 
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(1) The first eigenvalue of A : QP(Kn^m) ^^{Kn.m) satisfies 

1 

^liKn^m) < 2 — —r = 2 — 



2b-^ n{n + m) ' 

(2) The area of the Klein bottle Kn^m is given by 

A(K„.„) = -i^^=((n + 2m)E - mK), 
Sy/n + Zm 

where E = J^^^ \/\ — -p^ sin'^ d dd is the complete elliptic integral of the second 
kind. 

Proof: Let / : Kn,m ^ M be the function defined by f{P{x, y)) — sn(ra;). Then 
from (5.3) and (5.5) we have that 

/ fdA= / sn(rx)e2"(^)dyda; 



I (sn(ra;) ~ q sn {rx))dx — 0. 
Hence, if Ai is the first eigenvalue of A : ^'^{Kn,m) ^^{Kn,m)i 

fAfdA > Ai / f^dA. 

But using (5.1), (5. 2), (5. 3) and (5.5) we have 

Af{P{x,y)) = e-M-)— sn(ra;) - -2f{P{x,y)) + -^f{P{x,y)), 

and so, using that e"^"*^^^ > 1/6, we have that 

Ai^^ fdA<2j^ f^dA-^J^ f^dA, 

which proves (1). 

On the other hand, from (5.1) and (5.5) it follows that 

A(i^„,„0 = / / e'<-Uydx = / {b-r'+ r'dn'{rx))dx. 

Jo JO •J Jo 

If E{u) = /q" dn^iy) dy, then it is known that E{u + 2K) = E{u) + 2E, \/u G M. 
Using this property in the above expression we obtain (2). 

q.e.d. 
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